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Coulumb Fluid, Painlevé Transcendents, and the
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Abstract—In this paper, we compute two important informa-
tion-theoretic quantities which arise in the application of mul-
tiple-input multiple-output (MIMO) antenna wireless commu-
nication systems: the distribution of the mutual information
of multiantenna Gaussian channels, and the Gallager random
coding upper bound on the error probability achievable by
finite-length channel codes. We show that the mathematical
problem underpinning both quantities is the computation of cer-
tain Hankel determinants generated by deformed versions of
classical weight functions. For single-user MIMO systems, it is
a deformed Laguerre weight; for multiuser MIMO systems, it is
a deformed Jacobi weight. We apply two different methods to
characterize each of these Hankel determinants. First, we em-
ploy the ladder operators of the corresponding monic orthogonal
polynomials to give an exact characterization of the Hankel de-
terminants in terms of Painlevé differential equations. This turns
out to be a Painlevé V for the single-user MIMO scenario and
a Painlevé VI for the multiuser scenario. We then introduce
Coulomb fluid linear statistics methods to derive closed-form
approximations for the MIMO mutual information distribution
and the error probability which, although formally valid for large
matrix dimensions, are shown to give accurate results even when
the matrix dimensions are small. Focusing on the single-user mu-
tual information distribution, we then employ the exact Painlevé
V representation with the help of the Coulomb fluid linear sta-
tistics approximation to yield deeper insights into the scaling
behavior in terms of the number of antennas and signal-to-noise
ratio (SNR). Among other things, these results allow us to study
the asymptotic Gaussianity of the distribution as the number of
antennas increase, and to investigate when and why such ap-
proximations break down as the SNR increases. Based on the
Painlevé, we also derive recursive formulas for explicitly com-
puting in closed form any desired number of correction terms
to the asymptotic mean and variance, as well as closed-form
asymptotic expressions for any desired number of higher order
cumulants. Using these cumulants, we propose new closed-form
approximations to the mutual information distribution which are
shown to be very accurate, not only in the bulk but also in the
tail region of interest for the outage probability.

Index Terms—Channel capacity, multiple-input multiple-output
(MIMO) systems, orthogonal polynomials, random matrix theory.
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I. INTRODUCTION AND PRELIMINARIES

S INCE the pioneering discoveries of Telatar [1] and
Foschini and Gans [2], multiple-input multiple-output

(MIMO) systems have been at the forefront of wireless com-
munications research and development. MIMO systems have
revolutionized the wireless industry, now forming the basis of
most emerging wireless standards. Over the past decade, a great
deal of work has been done on characterizing the fundamental
limits of MIMO. The ergodic capacity, in particular, has been
comprehensively investigated (see e.g., [1]–[18], as well as [19]
and [20] for additional details and references). Compared with
the ergodic capacity, however, the outage capacity of MIMO
systems has received much less attention. This measure is im-
portant for characterizing the communication limits of systems
which are not highly dynamic, or systems which have stringent
delay requirements. The analysis of outage capacity is much
more complicated than the ergodic capacity since it requires the
distribution of the mutual information between the transmitter
and receiver, rather than simply the average value. Another
important information-theoretic quantity of practical interest
is the error probability achievable with block-coding schemes
of a given length and rate. While an exact characterization of
this quantity is not tractable in general, methods have been
proposed by Gallager for upper bounding this quantity [21].
Such bounds have been well established for single-antenna
systems, however much less is known for MIMO.
In this paper, we aim to present new methods for studying

the outage capacity and the error probability of MIMO sys-
tems. As we will see, in both cases, the fundamental mathemat-
ical problem of interest boils down to characterizing the Hankel
determinant

(1)

generated from the moments of a certain weight function

(2)

with denoting the support of the weight. The specific form
of the weight depends on the MIMO configuration under
investigation. We will consider two important MIMO configu-
rations pertaining to single-user and multiuser MIMO systems,
respectively. In the single-user case, the weight function is
shown to be a deformation of the classical Laguerre weight
given by

(3)
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whereas in the multiuser case, the weight function is found to
be a deformation of the (shifted) classical Jacobi weight given
by

(4)

We introduce powerful methods from random matrix theory
for evaluating the corresponding Hankel determinants, which
have been used to great effect by the mathematical physics com-
munity but have yet to be employed in communications or in-
formation theory. In particular, we derive exact expressions for
the Hankel determinants by employing the theory of orthogonal
polynomials and their corresponding ladder operators. There ex-
ists extensive literature on this subject, for example, [22]–[29].
See, in particular, [30]–[35] for recent applications of ladder op-
erators to Hermitian random matrix ensembles, which are of di-
rect relevance.
Through the ladder operator framework, we demonstrate

that the Hankel determinant generated from the deformed La-
guerre weight (3) has a simple representation involving the
Painlevé V ordinary differential equation (ode). This is an im-
portant result which provides a new and very useful exact
characterization of the mutual information distribution and the
error probability of single-user MIMO systems. We note that
while the fundamental connections between Painlevé V and
the information theory of single-user MIMO channels have
not been established previously, during the review process of
this paper, we were made aware of an independent derivation
of the Painlevé V representation for the Hankel determinant
of interest, given very recently in [36] in a different context
and established based on very different methods. In partic-
ular, the method used therein was to apply the vertex oper-
ator approach of Sato’s theory involving infinitely many time
variables (see [37] for a detailed exposition). The alternative
integrable-system-based approach involved solving a so-called
Virasoro constraint, resulting in a third-order nonlinear ode
satisfied by the logarithmic derivative of the Hankel deter-
minant. The Chazy-form was then subsequently reduced to a
second-order ode via a transformation. In contrast to that work,
our ladder operator approach (see, e.g., [30]–[35]), although
seemingly elaborate at first sight, is algebraic and therefore
algorithmic in nature. Therefore, we envision it to be readily
accessible, without the need for prior specialized mathemat-
ical background. In addition, a key advantage of the ladder
operator approach is that it directly gives the lowest order ode
as its solutions (i.e., order 2 for the deformed Laguerre case),
and does not require transformations to reduce the order at
the final stage. We also note that another natural approach to
addressing this problem is to employ the operator-theoretic
techniques pioneered by Tracy and Widom (see [38]–[40] for
these major contributions), which are based on manipulating
the Fredholm determinant representations of the Hankel deter-
minants. As for the integrable-system-based approach used in

[36], the required background theory is rather involved, and
these techniques also produce higher order (i.e., third-order)
odes requiring subsequent reduction.1

For the deformed Jacobi weight (4), upon establishing the
connection to the multiuser MIMO systemmodel of interest, we
employ a known result derived using the ladder operator method
in [41] to represent the corresponding Hankel determinant in
terms of the Painlevé VI differential equation. This presents a
new and very useful connection between the Painlevé VI differ-
ential equation and the information theory of multiuser MIMO
communication systems.
In addition to establishing exact characterizations, we also

derive approximations for the mutual information distribution
and error probability of both single-user and multiuser MIMO
channels by employing the general linear statistics results from
[42], based on Dyson’s Coulomb fluid interpretation [43]–[45].
These asymptotic results are essentially the Hankel analog of
Szegö’s strong limit theorem on the asymptotic characterization
of large Toeplitz determinants, a component of which appeared
as early as 1919 [46], where Hankel determinants generated by
compactly supported weights were studied. We refer the reader
to [47]–[49] for more related contributions, and have provided a
discussion in Appendix III to give these results some historical
perspective.
As with the ladder operator approach, Coulomb fluid tech-

niques have been used very successfully in the context of mathe-
matical physics; however, until very recently, they have not been
applied in the wireless communications and information theory
literature. To our knowledge, the only exception is the very
recent work [50], which employed the Coulomb fluid frame-
work, but not the linear statistics results, to characterize the
large deviations behavior of the single-user MIMO channel ca-
pacity. (A detailed discussion and comparison of our approach
with respect to that in [50] is provided in Sections III and IV.)
In essence, the key advantage of the linear statistics Coulomb
fluid framework [42] is that it allows one to very quickly com-
pute closed-form approximations for the mutual information
distribution and the error probability when the number of an-
tennas is sufficiently large, which are simpler than those ob-
tained via exact methods. We demonstrate this by computing
such formulas for both single-user and multiuser MIMO chan-
nels. In both cases, these results establish the Gaussian behavior
of the mutual information distribution as the number of an-
tennas grow large. This point has been derived previously for the
single-user MIMO scenario using different methods (see e.g.,
[51]–[53]); however, to our knowledge, it has not been estab-
lished previously for the multiuser MIMO scenario. Moreover,
we find that the closed-form approximations are remarkably ac-
curate for even very small numbers of antennas (e.g., 2 2),
except when dealing with the mutual information distribution
at high signal-to-noise ratio (SNR), which is shown to strongly
deviate from the Gaussian approximation. These deviations are

1It is important to point out that the Tracy–Widom approach is very powerful
in its own right. For example, the Tracy–Widom theory provides very important
second-order differential operators (which commute with the integral operator),
which are fundamental and are not transparent with either the ladder operator
approach or the Sato theory.
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investigated subsequently, and are in line with discussions given
in [50].
After deriving the exact Painlevé and approximate Coulomb

fluid linear statistics representations for the moment generating
function, we then employ both results to gain deep insights into
the behavior of the mutual information distribution. For this,
we focus on the baseline single-user MIMO scenario (i.e., de-
formed Laguerre weight) with transmit and receive antennas.
First, we demonstrate that the Coulomb fluid linear statistics
approximation in fact gives the exact distribution of the mu-
tual information, corresponding to a Gaussian, to leading order
in . Using the corresponding mean and variance as “seeds,”
we then employ the Painlevé V equation to derive recursive
formulas for systematically generating the finite- corrections
to the large- mean and variance, and for recursively gener-
ating the leading- behavior of any desired number of higher
order cumulants. Based on these results, we identify a funda-
mental double-scaling phenomenon, in terms of the number
of antennas and the SNR, which helps to explain why the
Gaussian approximation breaks down when the SNR is high.
Moreover, with the availability of closed-form expressions for
the higher order cumulants, we propose new closed-form ap-
proximations for the mutual information distribution by em-
ploying an Edgeworth expansion. Provided that the SNR is not
high (relative to ), these are shown to yield very accurate
results not only in the bulk of the distribution, but also deep in
the tails, which is the most important region for characterizing
the outage probability.
This paper is organized as follows. In the rest of this sec-

tion, we present a detailed discussion of the linear models
which underpin the single-user and multiuser MIMO wireless
communication scenarios of interest. We also introduce the
fundamental information-theoretic measures of outage capacity
and error probability, and establish important connections with
Hankel determinants generated from deformed Laguerre and
Jacobi weights. Then, in Section II, we introduce the ladder
operators of orthogonal polynomials and their associated com-
patibility conditions, which provide the key ingredients for
establishing an exact finite characterization of the Hankel
determinants in terms of Painlevé differential equations. In
Section III, we introduce, for large , the probability density
of a class of random variables called linear statistics. These
results, based on Dyson’s Coulomb fluid interpretation [43]
and developed further in [42], [44], [45], and [54], are very
general and embrace a wide class of random matrix models. By
employing these general results, we derive accurate approxi-
mations characterizing the error probabilities of single-user and
multiuser MIMO systems, and provide closed-form Gaussian
approximations for the mutual information distribution for
large . In Section IV, focusing on the single-user MIMO
scenario, the Coulomb results are used in conjunction with
exact Painlevé V representation for the mutual information
distribution to derive recursive formulas for explicitly com-
puting the correction terms to the mean, variance, and higher
order cumulants. These results are used to provide fundamental
insight into the effect of the SNR on the mutual information
distribution, and to yield accurate closed-form approximations
based on Edgeworth expansions.

A. Information Theory of MIMO Wireless Systems

In this section, we introduce the MIMO signal model of
interest, and review the basic information-theoretic measures
which we consider.
We consider a point-to-point MIMO communication system

with transmit and receive antennas. The linear model re-
lating the input (transmitted) signal vector and
output (received) signal vector takes the form

(5)

Here, is a complex Gaussian vector with zero
mean and covariance . This covariance matrix
can account for the effects of both receiver noise as well as mul-
tiuser interference, and as such, the selection of will dis-
tinguish between the single-user and multiuser MIMO models
which we consider subsequently. The matrix ,
representing the wireless fading coefficients, is assumed to be
known to the receiver, but not to the transmitter. Assuming rich
scattering, is modeled according to a complex Gaussian dis-
tribution with independent and identically distributed (i.i.d.) el-
ements having zero mean and unit variance. The transmitted
signal is designed to meet a power constraint

(6)

1) Outage Capacity and Outage Probability: The outage ca-
pacity corresponding to an outage probability is defined as
the transmission rate which can be supported by

of the channel realizations.2 Although the optimal dis-
tribution of which maximizes this quantity is unknown, we
adopt the common assumption that

(7)

corresponding to the ergodic-capacity-achieving input distribu-
tion. The outage capacity then satisfies [55]

(8)

with denoting mutual information. Compared with the er-
godic capacity, this quantity is difficult to characterize since it
involves the entire distribution of the random vari-
able, rather than simply the expected value. As such, the most
common approach has been to compute the first few moments
of the distribution, and then use these to obtain a Gaussian ap-
proximation (see e.g., [5], [7], [51], and [52]).
The outage probability (8) can be calculated via the moment

generating function of the mutual information, taking the form

(9)

and .

2By supported, we mean that the mutual information for a given channel re-
alization is greater than the transmission rate.
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In this paper, we will provide new methods for characterizing
the moment generating function (9), which in turn will give in-
sights into the distribution of the MIMO mutual information,
and consequently insights into the outage probability (8).
2) Upper Bound on Error Probability: While the capacity

is an important fundamental quantity, it is difficult to approach
in practice since it requires infinitely long codewords and re-
ceivers with unbounded complexity. Thus, an important ques-
tion is to determine what data rates are achievable for prac-
tical channel coding strategies with fixed and finite codeword
length , subject to a requirement on the tolerated error proba-
bility . One method for addressing this problem was proposed
by Gallager [21], where a general upper bound on was de-
rived, assuming that randomly selected length- block codes
of rate were employed, along with maximum-likelihood re-
ceivers. For the MIMO transmission model (5), assuming that
the channel is memoryless (i.e., each transmission period sees
an independent realization of ), the Gallager random coding
upper bound on error probability is expressed as [1]

(10)

where is referred to as the error exponent, which is in-
dependent of . This function is given by

(11)

with given by (12) at the bottom of the page, where

(13)

and denotes the density of the input signal . To maximize
the error exponent and thus minimize the error probability,
should be selected so as to maximize . Evaluating this
optimal input distribution is very challenging, and a sensible
and more tractable choice is to assume that takes the ergodic-
capacity-achieving distribution (7). In fact, it was shown in [1]
that under the assumption that is Gaussian, the distribution
(7) is optimum in terms of maximizing . With this input
distribution, it is easy to see that (12) particularizes to

(14)

We remark that while more refined bounds on the error prob-
ability compared with (10) have also been derived [21], these
more elaborate bounds still yield the same underlying mathe-
matical problem as that posed in (14). It is also important to
note that (14) has a very similar general form to the moment
generating function in (9).

B. Single-User MIMO and the Deformed Laguerre Weight

For single-user MIMO systems, the transmitted and received
signals conform to the linear model (5), with simply reflecting
the receiver noise. This noise is assumed spatially uncorrelated
(across antennas), and without loss of generality it has covari-
ance

(15)

Due to the normalization of the trace of , the transmit power
also represents the SNR.
The key quantity of interest for the outage capacity is the

moment generating function, which in this case particularizes
to

(16)

with

(17)

Similarly, the error exponent (12) admits the same form, but
with substitutions and . In the fol-
lowing, we will focus our discussion on the moment generating
function (16), keeping in mind that the application to the error
probability is immediate.
Let

and define

The matrix is complex Wishart with positive eigenvalues
denoted by . It is well known that the joint probability
density function of the eigenvalues read

(18)

where and is the classical Laguerre weight

With these definitions, the moment generating function (16) can
be computed as

(19)

(12)
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The remaining integrals are evaluated in determinant form via
the Andreief–Heine identity

(20)

where

(21)

are moments of the weight . (See [56] for a recent exposition
on this and other related matters.) With this identity, we imme-
diately obtain

(22)

where

(23)

is the Hankel determinant generated from the deformed La-
guerre weight

(24)
with moments

(25)

Remark 1: The factor is simply the Hankel de-
terminant generated from the nondeformed Laguerre weight

, which can be computed exactly in terms of the Barnes
-function as

(26)

Note that upon setting , the Hankel determinant
clearly does not depend on .

Remark 2: The moments are expressed in terms of the
Kummer function of the second kind as follows:

(27)

for .

Note that the aforementioned expression has been previously
reported in [57], and an alternative representation given in
[58]. While this identity, combined with (26) and (22), gives
a “closed-form” determinantal representation for the moment
generating function, it does not provide useful insights and it
also becomes unwieldy to evaluate if the number of antennas
become large. Moreover, in this form, it is not amenable to
further analysis, such as determining the asymptotic scaling
properties as either the number of antennas or the SNR grows
large. To overcome these problems, in Section II, we employ
the theory of orthogonal polynomials and their corresponding
ladder operators to provide a more useful characterization,
where we express the Hankel determinant generated from the
deformed Laguerre weight in terms of the classical Painlevé V
differential equation.
An alternative characterization for the moment generating

function which will also prove useful is derived as follows.
Starting with (19), and applying the transformations ,

, we obtain (28) shown at the bottom of the page,
where

(29)

Equivalently

(30)

where

(31)

with

(32)

and we have defined

(33)

This representation will be important for deriving an ap-
proximation for the moment generating function based on the
Coulomb fluid linear statistics approach in Section III.

C. Multiuser MIMO and the Deformed Jacobi Weight

Here,we introduce the second communication scenariowhich
we will consider, corresponding to a multiuser MIMO system.

(28)
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Such systems are highly relevant for cellular mobile applica-
tions, where the transmit–receive communication channel is
impaired by interference from other users operating within the
same frequency bandwidth. In fact, the key issue of interference
presents one of the most important challenges in the successful
deployment ofMIMO in practice [59].Wewill focus on the prac-
tical interference-limited scenario, where the receiver noise is
negligible compared with themultiuser interference.We assume
that there are interferers, each equipped with antennas,
and transmitting (capacity achieving) independent Gaussian
signals with power out of each transmit antenna. We
make the common assumption (see e.g., [60] and [61]) that the
interferers have equal power, which is valid when the interferers
are located at similar distances to the receiver. Moreover, as
discussed in [60], if this assumption is not met, then the equal
power assumption leads to a lower bound on performance. We
also assume that , which is appropriate for modeling the
downlink communication (base station to mobile transmission)
of a interference-limited cellular system, where the number of
transmit antennas deployed by the base station may be large,
but the number of receive antennas is highly restricted due to
limited space constraints of the cellular mobile device.
Under the assumptions discussed previously, the noise term
in (5) takes the form

(34)

where and denote the channel matrix and input vector for
the th interferer, respectively. These are assumed independent
across , and independent of and . It is convenient to write
this in the stacked form

(35)

where

(36)

Here, is complex Gaussian with independent
zero-mean unit-variance entries, while is complex
Gaussian with independent zero-mean entries having variance

. The noise covariancematrix, conditioned on , is there-
fore given by

(37)

In this case, the moment generating function of the mutual in-
formation (9) particularizes to

(38)

Similarly, the error exponent (12) admits the same form, but
with the substitution and replacing with

. Here, and are independent complex central
Wishart. As for the deformed Laguerre case, in the following,
we will focus our discussion on the moment generating function
(38), keeping in mind that the application to the error probability
is immediate.
For consistency with previous notation, let us define

(39)

Generalizing [62, pp. 312–314] from real to complex matrices,
we find that the joint probability density function of the eigen-

values of the random matrix is
given by

where , . With the change of vari-
ables3

the earlier density becomes

(40)

where , and denotes the
shifted classical Jacobi weight

(41)

Note that the classical Jacobi weight has the form

(42)

and therefore

(43)

The moment generating function (38) can be evaluated as (44),
shown at the bottom of the page, where

(45)

Applying the Andreief–Heine identity (20), we obtain

(46)

3We thank I. Johnstone for pointing this out.

(44)
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where

(47)

is the Hankel determinant generated from the deformed (shifted)
Jacobi weight

(48)

with moments

(49)
Remark 3: The factor is simply the Hankel

determinant generated from the (shifted) nondeformed Jacobi
weight , which can be computed exactly in terms of
the Barnes -function. To this end, we apply the transformation
(43) to give

(50)

Invoking [49, eq. (1.6)], this has the solution given in (51),
shown at the bottom of the page.
Similarly, for and fixed , it follows that

(52)

Remark 4: The moments can be expressed in terms of the
hypergeometric function as

The relation given previously was also pointed out in [63].
While this identity, combined with (52) and (46), gives a
“closed-form” determinantal representation for the moment
generating function, it does not provide useful insights and it
also becomes unwieldy to evaluate if the number of antennas
become large. To overcome these problems, in Section II,
we employ the theory of orthogonal polynomials and their
corresponding ladder operators to provide a more useful
characterization, where we express the Hankel determinant
generated from the deformed Jacobi weight in terms of the
classical Painlevé VI differential equation.

Similar to (30), it will also be useful to note the following
equivalent representation for the moment generating function:

(53)

where

(54)
and

with

(55)

Once again, this representation will be important for the
Coulomb fluid linear statistics methodology in Section III.

II. EXACT CHARACTERIZATION VIA THE

LADDER OPERATOR METHOD

In the previous section, we demonstrated strong relationships
between two information measures of MIMO channels, namely,
the outage capacity and the error probability, and certain Hankel
determinants. For single-user MIMO systems, the Hankel deter-
minant of interest was generated via the moments of a deforma-
tion of the Laguerre weight, whereas for multiuser MIMO sys-
tems, it was generated via the moments of a deformed Jacobi
weight. In this section, we present an exact characterization of
these Hankel determinants by employing the theory of orthog-
onal polynomials and their corresponding“raising and lowering”
ladder operators. Before presenting the main results, we first in-
troduce some preliminary material which will prove useful.

A. Preliminaries of Orthogonal Polynomials and Their Ladder
Operators

Here, we provide a brief discussion to highlight the connec-
tions between orthogonal polynomials and the Hankel determi-
nants of interest, as well as provide basic properties of orthog-
onal polynomials which will be needed. From (18) and (40), the
joint eigenvalue distributions arising in the single-user and mul-
tiuser MIMO scenarios admit the generic form

(56)

(51)
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with being the weight. Moreover, in both cases, we see
from (23) and (47) that the key quantity of interest is a ratio of
Hankel determinants having the general form

(57)

where

denotes the deformed weight, with deformation function ,
and denotes the “reference” or undeformed weight.
For most “classical” weight functions of interest, the Hankel

determinant in the denominator of (57), generated via the unde-
formed weight , is known in closed nondeterminantal form,
by virtue of the Selberg integral. A much more difficult chal-
lenge is to derive a nondeterminantal closed-form representa-
tion for the numerator Hankel determinant, generated via the
deformed weight . In this paper, we address this problem by
employing tools from the theory of orthogonal polynomials, as
described in the following.
Start by noting that, as a direct consequence of the Vander-

monde determinant structure on the first line of (57), by applying
elementary row operations, the numerator on the second line can
be equivalently expressed as

where represents any monic polynomial of degree ,
written as

(58)

If we orthogonalize the polynomial sequence with re-
spect to over the interval , i.e.

(59)

with denoting the square of the norm of , then the
Hankel determinant evaluates to

Thus, we clearly see that the problem of computing the Hankel
determinants of interest becomes one of characterizing the
class of polynomials which are orthogonal with respect to the
deformed weight function. To attack this problem, we require
some definitions and tools, as given in the following.
We start by noting that if

exists for all , then the theory of orthogonal
polynomials states that for satisfies the
three-term recurrence relations

(60)

The aforementioned sequence of polynomials can be generated
from the orthogonality conditions, the recurrence relations, and
the initial conditions

For example

Substituting (58) into the recurrence relations, an easy compu-
tation shows that

(61)

with . A telescopic sum of (61) gives

(62)

From the recurrence relation (60) and the orthogonality relations
(59), we find

(63)

We shall see that plays an important role in later devel-
opments. For more information on orthogonal polynomials, we
give reference to Szegö’s treatise [64].
Next, we present three lemmas with regards to the ladder op-

erators of orthogonal polynomials, as well as some supplemen-
tary conditions. Note that these results have been known for
quite sometime; we reproduce them here for the convenience
of the reader using the notation of [33], where one can also
find a list of references to the literature. We would like to men-
tion here that Magnus [65] was perhaps the first to apply these
lemmas—albeit in a slightly different form—to random matrix
theory and the derivation of Painlevé equations. In addition,
Tracy and Widom also made use of the compatibility conditions
in their systematic study of finite matrix models [40]. See also
[66] and [67]. In presenting these lemmas, we use the following
definition:

Lemma 1: Suppose has a derivative in some
Lipschitz class with positive exponent. The lowering and raising
operators satisfy the following:

(64)

(65)
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where

(66)

(67)

A direct computation produces two fundamental supplementary
(compatibility) conditions, valid for all . These are
stated in the next lemma.

Lemma 2: The functions and satisfy the con-
ditions

( )

( )

It turns out that there is an equation which gives better in-
sight into the coefficients and , if (S1) and (S2) are suit-
ably combined to produce a “sum rule” on . We state this
in the next lemma. The sum rule, we shall see later, gives impor-
tant information about the logarithmic derivative of the Hankel
determinant.

Lemma 3: The functions , , and the sum

satisfy the conditions

( )

Remark 5: Note that if the is a rational function in ,
then the divided difference

is also a rational function in and , and therefore, (66) and (67)
are rational functions of . For this reason, the compatibility
conditions in Lemmas 2 and 3 will be very useful. In particular,
based on (66) and (67), we may construct a set of equations
which give insight into the recurrence coefficients and ,
as well as certain auxiliary quantities that appear in the theory.

B. Exact Painlevé Representations for Moment Generating
Function and Error Exponent

In this section, based on the ladder operator framework, we
present exact expressions for the Hankel determinants repre-
senting the moment generating function and error exponent of
single-user and multiuser MIMO systems.

First, consider the single-user case. The main challenge is to
characterize the Hankel determinant in the numerator of (22).
This is given by the following important result.

Theorem 1: The log-derivative of the Hankel determinant in
(23), generated by the deformed Laguerre weight in
(24), satisfies the following:

(68)

where satisfies a version of the Painlevé V continuous
Jimbo–Miwa–Okamoto -form

(69)

with .
Proof: See Appendix I.

With this result given previously, using the moment gener-
ating function representation (22), we can write

(70)

which upon integrating with respect to and noting that
leads to the remarkably compact formula

(71)

Remark 6: As already mentioned in Section I, during the re-
view process for this paper, it came to our attention that the re-
lationship in (68) was also derived independently in [36], using
a very different integrable-system-based method and in a very
different context (i.e., the link to MIMO was not established
therein). Nonetheless, we still believe that the alternative proof
given here is valuable for the following reasons. First, the ap-
proach which we advocate based on the theory of orthogonal
polynomials and their ladder operators is arguably much sim-
pler than the integrable-system approach. Moreover, our pro-
posed approach has the key advantage of giving the simplest
possible (lowest order) differential equation solution directly,
while the integrable-system approach often yields higher order
differential equation solutions which need to be subsequently
reduced to simplified forms, e.g., by using so-called Chazy-form
reductions (this was required, for example, in [36]). In addi-
tion, we see the derivation given previously as a useful example
for introducing the ladder operator theory in a communications
and information theory context. This underlying theory is very
general and powerful and could potentially be useful for many
other problems arising in information theory and communica-
tions dealing with random matrix structures.
Now consider the multiuser MIMO case. Here, the quantity

of interest is the Hankel determinant in the numerator of (46).
For this case, it turns out that the ladder operator approach was
applied recently in [41], resulting in a relationship between the
log-derivative of the Hankel determinant and a Painlevé VI con-
tinuous -form. Early, related studies were also given in [65]
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and [68], while Hankel determinants generated by an alterna-
tive deformation of the Jacobi weight were considered in [35]
and [69]. Based on [41], we have the following.

Theorem 2: The Hankel determinant in (47), generated by the
deformed Jacobi weight in (48), admits the following
representation:

(72)

where

with and defined by (39). Here, satisfies the following
continuous -form of :

(73)

where

With this result, using the moment generating function repre-
sentation (46), we can write

(74)

which upon integrating with respect to and noting that
leads to

(75)

Note here that we have implicitly assumed that
is strictly positive; however, we expect these results to be

formally valid for all .
The moment generating function representations given

in (71) and (75) are important since they establish new key
connections between the information theory of single-user and
multiuser MIMO systems and classical Painlevé differential
equations. These connections are very useful. For example, as
we will show in Section IV, focusing on the single-user case,
the continuous -form representation can provide a means
of systematically computing the asymptotic cumulants of the
mutual information distribution as the number of antennas
grow large, as well as the correction terms which contribute
for finite dimensions. Through this analysis, we obtain key
insights into the Gaussianity or lack thereof of the mutual
information distribution, and derive new accurate closed-form

approximations which appropriately characterize the Gaussian
deviations. These results are important for practical wireless
communication system design.

III. CHARACTERIZATION VIA THE COULOMB
FLUID LINEAR STATISTICS METHOD

In this section, we present an alternative characterization
based on the linear statistics results presented in [42], derived
based on the Coulomb fluid method. As we will see, the key
benefit of this approach is that the required derivations are quite
straightforward and direct, and it produces simpler expressions
than the exact results obtained via the ladder operator approach.
Moreover, while this method is based on large- considera-
tions, we will show numerically that the approximations are
very accurate for small dimensions also. In fact, in Section IV,
we will demonstrate that the Coulomb fluid linear statistics
approach actually captures the exact form of the mutual infor-
mation distribution (around the bulk), to leading order in .
While the Coulomb fluid based linear statistics approach has

been applied extensively in the context of statistical physics, it is
relatively unfamiliar amongst the wireless communications and
information theory communities. As such, in the following, we
will first present some basic background material, based mainly
on [42], before applying this framework to the single-user and
multiuser MIMO systems of interest.

A. Preliminaries of the Coulomb Fluid-Based Linear Statistics
Method

Consider a function of the form

(76)

where

(77)

with

(78)
This expression embraces the moment generating function rep-
resentations for both the single-user MIMO mutual information
(31)–(32) and multiuser MIMO mutual information (54)–(55),
with appropriate selection of the functions and , and
integration limits and . For example, in the single-user case

while in the multiuser case

which corresponds essentially to the negative of the logarithm
of the classical Laguerre and Jacobi weights, suitably scaled.
The key motivation for this representation is that it admits a

simple intuitive interpretation in terms of statistical physics, as
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observed in the seminal papers by Dyson [43]. In particular, in-
terpreting the eigenvalues as the positions of iden-
tically charged particles, the function is recog-
nized as the total energy of the repelling charged particles, con-
fined by a common external potential . The function
acts as a perturbation to the system, effectively modifying the
external potential. For sufficiently large , we can approximate
the particles as a continuous fluid with a certain (limiting) den-
sity, , and assume that it is supported on a single interval

. This density will correspond to the equilibrium density
of the fluid, obtained via the constrained minimization

(79)

with

As a consequence of the Frostman Lemma [70, p. 65], the equi-
librium density satisfies the integral equation

where is the Lagrange multiplier which fixes the constraint
that the equilibrium density has total charge of unity. See [70]
for a detailed discussion. The aforementioned integral equa-
tion with logarithmic kernel is converted into a singular integral
equation by taking a derivative with respect to for

where denotes Cauchy principal value.
If is convex in a set of positive measure, the solution

to this problem can be found [42], with the optimal taking
the form

(80)

where

(81)
denotes the limiting density of the original system (i.e., in the
absence of any perturbation), and

(82)

represents the deformation of this density caused by the external
perturbation. The solution theory of singular integral equations
can be found in the monographs [71]–[73]. See also [74] for nu-
merous examples on the application of singular integral equa-
tions to problems in elasticity, and [75] for the version of the
theory.
The boundary parameters and are chosen to satisfy the

supplementary conditions

(83)

and

(84)

With these results, for sufficiently large , the ratio (76) is then
approximated by

(85)

where

(86)

Remark 7: With the aforementioned results, the moment
generating functions (30) and (53) of the mutual information

for the single-user and multiuser MIMO systems,
respectively, become

(87)

which corresponds to a Gaussian distribution with mean and
variance

(88)

Therefore, the outage probability can be obtained via

(89)

The error exponent (11) is also approximated as follows:

(90)

Remark 8: The Coulomb fluid linear statistics results for the
mean and the variance are, effectively, manifestations of the
strong Szegö limit theorem. This is one of the most cited and
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well-studied theorems in operator theory, due to the fruitful in-
terplay between linear algebra and classical analysis. In order
to provide more context and background relating to the pre-
vious results, we have provided a brief historical account in
Appendix III for the interested reader.
It is also important at this point to connect the linear statis-

tics approach described previously with that used in the recent
paper [50], which was also based on a Coulomb fluid interpreta-
tion. Specifically, in that work, the Coulomb fluid methodology
was used to derive formulas which approximate the large devi-
ation behavior of the distribution. In effect, that approach uses
a formulation (well known in the physics literature, see, e.g.,
[76]–[80]), which specifies the deformation to the underlying
charge distribution caused by the mutual information function
as an explicit constraint in the Coulomb fluid energy minimiza-
tion. In our case, on the other hand, we consider this as a simple
perturbation, which yields simple formulas and allows us to
capture the mean and the variance directly. As such, the ap-
proach in [50] can be seen as a generalization of our approach in
that it provides not only an approximation for the bulk of the dis-
tribution, but also an approximation for the leading- behavior
in the tails. The main advantage of our approach however, as
we will see, is that the derivations are much more straightfor-
ward, can be performed very quickly, and produce closed-form
solutions. This is in contrast to the approach in [50], which
is quite involved and relies on complicated concepts (such as
so-called path integrals and tamemeasures) and based onwhich,
closed-form solutions are typically not possible. The solutions
in [50], for example, require the numerical computation of a set
of coupled equations. In addition, we will prove in Section IV
that the mean and variance obtained for the single-user MIMO
mutual information via the linear statistics approach, consis-
tent with the results in [50], capture the exact behavior of the
mean and variance to leading order in . This helps to lend jus-
tification to the heuristic Coulomb fluid interpretation. When
used in conjunction with the exact Painlevé V representation
for the moment generating function given in the previous sec-
tion, these asymptotic formulas will also provide the “seeds” for
recursively computing the finite- corrections to the mean and
variance, as well as for computing the cumulants of higher order
(beyond the mean and variance). This, in turn, will allow us to
construct closed-form approximations based on Edgeworth ex-
pansions which are accurate in the tail of the distribution. Our
arguments based on this are shown to be consistent with the re-
sults in [50]. In addition, the linear statistics framework will
allow us to compute closed-form formulas for the mutual in-
formation distribution of multiuser MIMO systems, which we
believe are new.

The main objective of the subsequent analysis is to evaluate
the quantities and for the single-user and
multiuser MIMO scenarios. These problems are addressed in
the following sections. As we will see, in both cases, we will
need to solve numerous integrals which are not trivial and are
not readily available. Thus, to aid the reader, we have succinctly
compiled the solutions to these integrals in Appendix II, along
with some detailed derivations.

B. Coulomb Fluid Linear Statistics and the Single-User
MIMO Mutual Information

For the single-user MIMO case, directly comparing (31) and
(32) and (76)–(78), we have the following

(91)

Based on these particularizations, our objective is to compute
closed-form expressions for and in (86). To this
end, we start by computing the constants, and . Using the
supplementary conditions (83) and (84), these are determined
by the equations

With the integral identities (263)–(265), we obtain

(92)

which leads to

(93)

Having established the integration limits in (86), we now turn
to the evaluation of . For this, we require the limiting
density, . With (81), (92), and the integral identity (263),
this density is computed as

(94)

which is the celebrated Marĉenko-Pastur law [81], [82]. Sub-
stituting this distribution along with into
(86), and integrating using the identities (248), (250), and (252)
gives (95), shown at the bottom of the page. This result, when
substituted with (93) into (88), gives a closed-form asymptotic

(95)
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Fig. 1. PDF of normalized mutual information for the single-user MIMO scenario (deformed Laguerre case). Results shown for SNR, , and
different antenna configurations. In all cases shown, the Coulomb fluid linear statistics approximation is very accurate. (a) (b) .

expression for the mean mutual information of single-user
MIMO systems.
We now consider the evaluation of . To this end,

we must first compute , which is found by substituting
into (82) and using the integral identity

(257), to give

(96)
Substituting this into (86), and applying the integral identities
(248) and (249) we find

(97)
This result, when substituted with (93) into (88), gives a closed-
form asymptotic expression for the variance of the mutual in-
formation of single-user MIMO systems.
It is important to note that an equivalent expression to (95)

could have also been obtained by changing variables
and invoking an integral result from [83]. Alternative ex-

pressions have also been reported, e.g., in [50]–[52], and [84],
based on different techniques. The main reason for including
our new derivation here is to clearly demonstrate the mechanics
involved with applying the linear statistics approach, and to
show how the asymptotic mean and variance can be derived
very quickly and directly (i.e., in the manner of a few lines). In
particular, upon plugging our specific parameters into the gen-
eral linear statistics framework and solving the resulting inte-
grals (accomplished with the analytical “trick” in Appendix II,
based on the Schwinger parameterization (262) of the func-
tion4), we immediately obtain the desired closed-form solutions

4This Schwinger parameterization is very useful and has in fact become a
ubiquitous tool for the analytical computation of integrals arising in quantum
field theory (see, for example, [85]).

to the mean and variance. Moreover, due to the generality of
the framework (which extends well beyond the single-user par-
ticularization considered here), our method can be applied to
other integral expressions encountered with the Coulomb fluid
linear statistics approach, as shown in Appendix II, and explic-
itly demonstrated in the following section when dealing with
the multiuserMIMOmutual information.We anticipate that this
framework will also be very useful for many other applications
arising in information theory and communications.
Fig. 1 plots the Gaussian approximation to the distribution

of the normalized mutual information (per antenna)
of single-user MIMO systems, based on combining (97), (95),
(93), and (88), and compares with the true distribution based
on numerically computing the density corresponding to (8)
with given by (15). The results are shown for a relatively
low SNR, , and for various antenna configurations.
In all cases, the Gaussian approximation is very accurate,
even for as low as 2. The situation changes, however, when
is increased, as shown clearly in Fig. 2. In particular, as

increases, it is evident that the distribution starts to deviate from
Gaussian, and that this deviation is most significant for small .
We investigate this phenomenon in more detail in Section IV.
We mention, however, that this deviation is not particularly

surprising since the linear statistics framework is formally valid
for large , and the underlying weights must not be distorted by
varying the other parameters which appear therein. This implies
that, in our context, the results are valid for sufficiently large
but with the SNR remaining fixed. In fact, all other methods
which yield a large- expansion, such as those in [50], [52],
[53], and [84], are also subjected to the fixed restriction.
Fig. 3 compares the Coulomb fluid linear statistics approxi-

mation for the error exponent, based on combining (97), (95),
(93), and (90), with the true error exponent computed via numer-
ical simulation of (14) and (11), with given by (15). Quite
remarkably, we see that in all cases, including both low and
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Fig. 2. PDF of normalized mutual information for the single-user MIMO scenario (deformed Laguerre case). Results shown for different SNR values.
The Coulomb fluid linear statistics approximation is very accurate when the SNR is low; however, it becomes less accurate (the mutual information distribution
deviates from Gaussian) as increases. (a) , (b) , .

high , the Coulomb fluid linear statistics approximation is ex-
tremely accurate. Compared with results in Fig. 2, the improved
accuracy for large appears to be an artifact of the maximiza-
tion procedure in (11) providing a form of robustness against
the inaccuracies of the linear statistics method.

C. Coulomb Fluid Linear Statistics and the Multiuser MIMO
Mutual Information

For the multiuser MIMO case, directly comparing (54) and
(55) and (76)–(78), we have the following:

For this case, our objective once again is to compute closed-
form expressions for and in (86).
In this case, we start by considering the limiting density
. While this can be obtained by direct evaluation of (81),

an alternative method is to apply a simple transformation of
the limiting density corresponding to the classical Jacobi
weight (42), which, in terms of our notation introduced in
Section I-C, is given by [49]

with and defined in (98), shown at the bottom of the
page. Recalling that and and taking the
limit gives and where

To relate the earlier density to , we first note that

(99)

where is the classical Jacobi weight (41). Now, from
the relation (43), we have

(100)

which after substituting into (81) gives the desired result

(101)

(98)



4608 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 7, JULY 2012

Fig. 3. Error exponent for the single-user MIMO scenario (deformed Laguerre case). Results shown for SNR, . The Coulomb fluid linear statistics
approximation to the error exponent is very accurate for both low and high SNR ratios. (a) , (b) , (c)

, (d) , .

for , with

(102)

Substituting this distribution alongwith
into (86), applying the partial fraction decomposition

and integrating using the identities (248), (250)–(255), we ob-
tain (103), shown at the bottom of the page. This result, when
substituted with (102) into (88), gives a closed-form asymp-
totic expression for the mean mutual information of multiuser
MIMO systems. We note that an alternative solution was also

(103)
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Fig. 4. PDF of normalized mutual information for the multiuser MIMO scenario (deformed Jacobi case). Results shown for and . The
Coulomb fluid linear statistics approximation is very accurate when the signal-to-interference ratio is low; however, it becomes less accurate (the mutual
information distribution deviates from Gaussian) as increases. (a) (b) .

computed in [11], requiring the numerical evaluation of a cer-
tain fixed-point equation.
Now consider the evaluation of . To this

end, we require , which is computed by substituting
into (82) and applying the

integral identity (257) along with (258) to yield

Substituting this into (86) and applying the integral identities
(249), (252), (255), and (256), we obtain (104), shown at the
bottom of the page. This result, when substituted with (102) into
(88), gives a closed-form asymptotic expression for the variance
of the mutual information of multiuser MIMO systems. To the
best of our knowledge, this expression is new.
To check the accuracy of our results, Fig. 4 plots the Gaussian

approximation to the distribution of the normalized mutual in-
formation (per antenna) of multiuser MIMO systems,
based on combining (104), (103), (102), and (88), and com-
pares with the true distribution based on numerically computing
the density corresponding to (8) with given by (37). As for
the single-user MIMO scenario, the Gaussian approximation is
accurate regardless of the number of interferers , especially
when the signal-to-interference ratio is not high. As
is increased, once again the distribution starts to deviate from

Gaussian; however, this deviation is seemingly less significant
than that seen previously for the single-user case.
Fig. 5 compares the Coulomb fluid linear statistics approxi-

mation for the error exponent, based on combining (104), (103),
and (90), with the true error exponent computed via numerical
simulation of (14) and (11), with given by (37). Again, we
see that in all cases, the Coulomb fluid linear statistics approxi-
mation is extremely accurate.

IV. BEYOND THE COULOMB FLUID LINEAR
STATISTICS APPROXIMATION

In this section, we take a closer look at the Painlevé and
Coulomb fluid linear statistics representations of the mutual in-
formation distribution. We will focus on the Laguerre scenario
(i.e., the single-user MIMO case), although the analysis can be
extended to the Jacobi scenario also. Our main objective is to
establish relationships between the exact characterization of the
mutual information distribution via the Painlevé equation and
the simpler Coulomb fluid linear statistics approximation. As
a key result, we will show that for both the mean and the vari-
ance, the Coulomb fluid linear statistics approach gives an exact
representation to leading order in . We will employ these re-
sults in conjunction with the Painlevé equation to establish re-
cursive formula for computing the mean and variance finite-
corrections, as well as the higher order cumulants. Based on
these results, we will then investigate the deviation of the mu-
tual information distribution from Gaussian, and provide accu-

(104)
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Fig. 5. Error exponent for the multiuser MIMO scenario (deformed Jacobi case). Results shown for and . Similar to the single-user MIMO case,
the Coulomb fluid linear statistics approximation to the error exponent of multiuser MIMO channels is very accurate for both low and high signal-to-interference
ratios. (a) (b) .

rate closed-form approximations (more accurate than Gaussian)
using Edgeworth expansion techniques.

A. Initial Study Using Power Series Expansion

We start by seeking for a solution to the Painlevé equation in
terms of a formal power series in as . This corre-
sponds to the situation of small . For simplicity, we consider
the case (equivalently, ), although the analysis
can be extended to allow .
1) Evaluating Cumulants From the Painlevé: Applying The-

orem 1 in (22), along with the simple shift

(105)

the moment generating function of the single-user MIMO mu-
tual information becomes

(106)

It is clear that

(107)

From the Painlevé equation (69), we find after setting
and applying an easy calculation that satisfies

(108)

where denotes derivative with respect to .
We assume that has a formal power series expansion

in

(109)

where the coefficient depends on and . Upon substituting
the power series into (108), the first few ’s are found as
follows:

Clearly, is a polynomial of degree in and .
Introducing a rearrangement of (109) as follows:

(110)

and noting that for the single-user MIMO case

we see by collecting powers of that
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where , , denotes a generically regular power
series in .

Remark 9: Note that in the aforementioned expressions, we
have explicitly indicated the dependence of on .
However, as seen from (108), the equation governing this func-
tion has an additional dependence on . As such, for the sake of
convenience and consistency with subsequent analysis, we have
slightly abused notation when substituting for in the aforemen-
tioned expansions for , , and , by not explicitly indicating
the additional dependence on the left-hand side.
Now, recalling that the cumulants are the Taylor coefficients

of the logarithm of the moment generating function

the th cumulant reads

(111)

We read off the mean, variance, and third cumulant as follows:

(112)

(113)

(114)

Other higher order cumulants can be similarly obtained.
We see from the earlier presentation that as grows large, the
th cumulant scales as

(115)

Thus, as expected, the mean of the mutual information grows
linearly with , the variance converges to a constant, and all
other cumulants vanish as . This reaffirms that the distri-
bution becomes Gaussian for asymptotically large , for a fixed
transmission power .

The aforementioned are formal computations; in the next two
sections, we will provide a systematic procedure which deter-
mines the coefficients of , , and so on from the Painlevé
equation.
2) Comparison With the Coulomb Fluid Linear Statistics:

Consider the quantity corresponding to , derived based
on the Coulomb fluid linear statistics method

(116)

where

(117)

Here, we have substituted the expression for given in
(87), and used the fact that .
From (95), we compute

(118)

which, upon integration, reproduces precisely the power series
representation of the “linear in ” term of in (112), thereby
establishing that the Coulomb fluid linear statistics method
gives the exact value of the mean mutual information for large
values of .
From (97), we compute , and upon integration, the

power series in reproduces precisely that found in the leading
term in in (113), thereby confirming that the Coulomb fluid
linear statistics method gives the correct asymptotic variance, in
addition to the correct asymptotic mean.
In summary, we have the expansion given in (119), shown

at the bottom of the page. Here, and rep-
resent the mean and variance, respectively, calculated based on
the Coulomb fluid linear statistics method, and obtained by com-
bining (88), (93), (95), and (97). All other terms represent cor-
rection terms, which essentially account for the deviation of the
Coulomb fluid linear statistics approximation for finite values
of .

B. Refined Analysis for All

We now present a more refined analysis. For this purpose, we
substitute the series representation (110) into (108).
1) Analysis of the Mean: We start by considering the first

cumulant (i.e., the mean). By comparing the coefficients of

(119)
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on the left-hand side and right-hand side, we find that the co-
efficient of is identically equal to 0, and the coefficient of
satisfies

Note that

We have introduced so that the differential equation does not
get too complicated. After this change of variable in to ,
without introducing further notation in place of , the differen-
tial equation becomes

where now denotes the derivative with respect to . Letting

(120)

we find that

( )

Taking , is seen to satisfy

( )

Now consider , the term analogous to but derived
based on the Coulomb fluid linear statistics method. From (118)

(121)

where

(122)

This expression is found to satisfy (Y0) identically, thus con-
firming that the Coulomb fluid linear statistics approach gives
the exact value for themean of themutual information to leading
order in for all (fixed) values of . Note that this result has
greater validity than that derived in the previous section, since
it applies even for values of (or values of ) for which the
power series in does not converge.
To compute the correction to the previously obtained ,

we substitute

(123)

into (Y) and then obtain by setting the coefficient of
equal to 0. This gives

(124)

which is a first-order linear equation in . However, quite re-
markably, we find that the coefficient of vanishes identically
when we make use of from (122). The solution of the alge-
braic equation reads

(125)

To compute the correction to the previously obtained
, we substitute

(126)

into (Y) and then obtain by setting the coefficient of
equal to 0. This gives

(127)

Similar to before, the coefficient of vanishes identically
when we make use of from (122) and from (125). The
solution of the algebraic equation then reads

(128)

For the next order, with

(129)

we obtain

(130)

Applying the aforementioned method, by hand, it is in fact pos-
sible to obtain a closed-form recursion for all of the correction
terms. Letting

(131)

for this is given by (132), shown at the bottom of the
page, with the initial condition in (122).
Based on the expressions for , we can now compute the

desired power series representation for the mean (in ) to any
desired degree of accuracy via

(133)

(132)
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For example, to leading order with first three corrections

(134)

with leading term

(135)

and the correction terms

(136)

and given by (137) and (138), respec-
tively, at the bottom of the page.
Note that if we expand (134) around , the series

matches with (112) as expected.
2) Analysis of the Variance: Now we consider the second

cumulant. To this end, after substituting (110) into (108) and
setting the coefficient of equal to 0, we get

Once again, applying the change of variable , but
without introducing new notation for and , we find

(139)

with denoting .
Let

(140)

We first compute , the leading order term in . To this
end, substituting (140) along with (120) and (123) into (139),

and then keeping only the leading order terms in (the terms
which are linear in ), we obtain

(141)

Quite remarkably, similar to the phenomenon observed for the
mean, if we plug in the expression for given in (122),
we find that the coefficient of is identically equal to 0. Thus,
(141) reduces to a simple algebraic equation whose solution is

(142)

After making the substitution , it can be verified that
this expression matches precisely with in (117), derived
based on the Coulomb fluid linear statistics method. This re-
sult confirms that the Coulomb fluid linear statistics approach
gives the exact value for the variance of the mutual informa-
tion to leading order in for all values of P. Again, this result is
stronger than that derived in the previous section, since it applies
for values of (or values of ) for which a formal convergent
power series in does not exist.
Now consider the correction term in (140). Again, we

substitute (140) along with (120) and (123) into (139). In this
case, however, we extract only the terms of order , which
gives a rather large first-order equation in the unknown .
Fortunately, we find that by plugging in the previously deter-
mined equations for , , and , the coefficient
of vanishes identically, and so we are left with a linear
equation in . This is easily solved and we find

(143)

Applying the aforementioned method, as done previously for
the mean, it is in fact possible to obtain by hand a closed-form
recursion for all of the correction terms. Letting

(144)

we arrive at for

(145)

(137)

(138)
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where

(146)

The initial condition, for , is given by (142). For ,
this gives precisely (143), while for , it gives

(147)

Based on the expressions for , we can now compute
the desired power series representation for the variance (in )
to any desired degree of accuracy via

(148)

For example, to leading order with the first two corrections

(149)

with leading term

(150)

and the corrections and given by (151)
and (152), respectively, at the bottom of the page. Note that if
we expand (149) around , we get a series which matches
with (113), as expected.
3) Analysis of the Third Cumulant: Now consider the third

cumulant. After substituting (110) into (108), setting the coef-
ficient of equal to 0, and then going through the same pro-
cedure as earlier (i.e., applying ), we get (153), shown
at the bottom of the page, where the derivatives are taken with
respect to . Substituting (140) along with (120) and (123) and

(154)

where and are independent, we find that the
highest order term in is in fact independent, and using the
previously determined equations for , , , and

, once again we find that the coefficient of van-
ishes identically. The resulting linear equation in has
solution

(155)
Proceeding in a similar manner, we find

With these results, we can compute the asymptotic third cumu-
lant of the mutual information as

(156)

(151)

(152)

(153)
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Fig. 6. Plot of the (normalized) finite- correction series for the mean, variance, and the third cumulant of the mutual information for the single-user MIMO
scenario (deformed Laguerre case). Results are shown for . (a) (b) (c) (d) .

where and are given by (157) and
(158), respectively, shown at the bottom of the page.
Note that if we expand (156) around , we get a series

which matches precisely with (114).

The correction terms for the mean, variance, and the third cu-
mulant are illustrated in Fig. 6. In particular, the “mean” curves
represent

(157)

(158)
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with given by (135); the “variance” curves represent

with given by (150); and the “ ” curves represent

(159)

Here, the mean , variance , and third cu-
mulant of the mutual information were calculated
using numerical integration procedures in Maple. For the mean
and variance, this figure effectively shows the convergence of
the entire series of correction terms to the leading correction
term (i.e., the term involving in (134), and the term
involving in (149)). For , we consider the conver-
gence of the entire normalized series. The main message of this
figure is that as increases, the correction series for all three
cumulants shown become more significant for a wider range of
values. Moreover, this effect appears to be much more sig-

nificant for the higher order cumulants than for the mean, par-
ticularly for . These results are consistent with our observa-
tions seen previously in Fig. 2, showing strong deviations from
Gaussian for large . To better understand this phenomenon, it
will be useful to look closer at the correction terms as grows
large. This is the focus of Section IV-C.

C. Analysis at Large

We now investigate the cumulants as the SNR grows large.
First consider the mean. Recalling that , we start by
expanding (122), (125), (128), and (130) as , which gives

(160)

From these results, it is clear that as

(161)

for some constants which are independent of . (Note that
the leading term does not follow this trend.) After plug-
ging (161) into (132), followed by some basic algebra, we obtain
the following recursion for :

(162)

with initial conditions

(163)

Note that, with this, we effectively have a “large —small ”
type of expansion for in (131). Keeping only the leading
terms in this expansion, we now integrate to get the mean

(164)
where is just the leading term. Actually, by inspec-
tion of the expansion of in (160), it is clear that for ,
we cannot integrate the series term by term, since these integrals
diverge (though the sum exists). Thus, for this particular term,
we must integrate (122) directly, and then take in the
result. We end up with

(165)

where the second line was obtained by invoking (162). These
results can be verified by expanding the previously obtained ex-
pressions, (135)–(138) for large .
One important thing to note in the aforementioned results is

the very interesting structure which has emerged for all correc-
tion terms to the leading-order term in (i.e., a power series in
). Also note that the second-order correction will beat the

first correction when

(166)

which is equivalent to the following condition:

(167)

where is the lower branch of the Lambert function.
For large , applying the asymptotic expansion [86, eq. (17)],
we get

(168)

This implies that, based on our correction series, as far as the
mean is concerned, must be very large relative to for the cor-
rection terms to overwhelm the leading term. This indicates that
the asymptotic mean is relatively stable with respect to changes



CHEN AND MCKAY: COULUMB FLUID, PAINLEVÉ TRANSCENDENTS, AND THE INFORMATION THEORY OF MIMO SYSTEMS 4617

in SNR. As we will see, however, this is not necessarily the case
for the higher cumulants.
Now consider the variance. In this case, expanding (142),

(143), and (147) as gives

(169)

These results indicate that as

(170)

for some constants which are independent of .
Keeping only the leading terms, we now need to integrate to

get the variance

(171)
where, as earlier, is just the leading term. Moreover,
as for themean, we cannot integrate the series for the term
in a term-by-term fashion since these integrals diverge (though
the sum exists). Thus, we must integrate (142) directly, and then
take in the result. We end up with

(172)

Here, the constants on the second line were obtained by ex-
panding the expressions, (150)–(152) for large . [At this stage,
it appears intractable to obtain a closed-form recursion for the
constants , analogous to that presented for themean in (162).]
As for the mean, note the very interesting structure which has

emerged for all correction terms to the leading-order term in .
Once again, they form a power series in , which appears
to be a fundamental double-scaling variable. Keeping only the
leading-order correction term, we get a sufficient condition for
the Coulomb-fluid linear statistics (large- ) variance approxi-
mation to break down as follows:

(173)

In terms of , this gives the equivalent condition

(174)

For large , applying the asymptotic expansion [86, eq. (17], we
get

(175)

Thus, while still needs to be quite large (relative to ) for the
correction terms to have much effect, the variance is certainly
more sensitive to changes in than is the mean.
For , here we simply examine the asymptotic behavior of

the two-term expansion in (156). In this case, as , (157)
and (158) are expanded as

(176)

and

(177)

This then gives the following large expansion for :

(178)

Once again we see the presence of the double-scaling variable
in the correction. Moreover, we observe the very inter-

esting phenomenon that, in contrast to the mean and the vari-
ance, the leading term approaches a constant (i.e., ) as
grows toward infinity, while the correction to this term increases
with . We will show in the following section that the same
phenomenon also holds for higher order cumulants beyond the
third.
The aforementioned results provide insight into why the

mutual information distribution is deviating from the large-
Gaussian approximation as grows large, as our numerical
results have indicated. In particular, the key message to be
gained from this analysis is that correction terms cannot be
ignored at high —not only do they increase with in each
case, but they increase at a faster rate than the corresponding
leading terms. As such, the large- Gaussian approximation
will eventually break down if is sufficiently large (relative to
). How large needs to be for this to occur depends primarily
on the value of . To more thoroughly and accurately examine
this phenomenon, one must adopt a different “double-scaling”
philosophy from the start when deriving the asymptotic ex-
pansion, by properly scaling with . The aforementioned
analysis indicate that a proper scaling method is to take and
to infinity but with the ratio kept constant. Our

results in (165) and (172) essentially provide expansions in
, though to properly capture the strong deviations for

sufficiently larger than , corresponding expansions in are
still needed. This is an important open problem.
Based on our preceding analysis in this section, we can ex-

tract some insight by looking at and comparing the relative ef-
fect of on the leading order and correction terms, for the first
three cumulants. Specifically, for the mean, (168) implies the
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sufficient condition for the correction term
to dominate the leading term, while for the variance, (175) im-
plies the corresponding sufficient condition .
Thus, the asymptotic variance is more sensitive to than the
asymptotic mean. Moreover, (178) implies that
is sufficient for the corrections to the third cumulant to dom-
inate the leading (constant) term. These results imply that the
higher order cumulants are more and more sensitive to changes
in the SNR. This is an important point and demonstrates that one
should be very careful in interpreting results based on large-
expansions, particularly if expansions are obtained for higher
cumulants beyond the mean and variance, and the SNR is as-
sumed to be relatively large.
We would also like to mention another word of caution re-

garding the interpretation of the results given previously. Since
our analytical results, which are asymptotic expansions in , are
based on the Painlevé V representation of the moment gener-
ating function, they are formally valid for large but fixed or
. Therefore, it is to be expected that when increases to the

point where the corrections to each of the cumulants are compa-
rable with and/or overwhelm the main terms, the large expan-
sions will become invalid. In this region, the Gaussian approxi-
mation derived based on the Coulomb fluid linear statistics for-
mulas will also break down. Providing a rigorous investigation
of this situation, where both and increase simultaneously
but with sufficiently large with respect to , is precisely the
double-scaling problemmentioned previously, which still needs
to be addressed.

D. Computation of Leading- Term for All Cumulants

In the preceding analysis, we employed the Painlevé V for-
mula (108) to recursively compute closed-form expressions for
the correction terms (in ) for the mean, variance, and third cu-
mulant. Here, we demonstrate how it may also be used to es-
tablish a recursion for computing the leading term for each of
the higher order cumulants in succession. A similar approach
was adopted in a different context in [87] and [88] to derive the
asymptotic cumulants of the extreme eigenvalues of a complex
Wishart matrix.

We proceed by making the replacement in (108). As
earlier, to simplify notation, we also make the change of variable

, with . This then leads to

(179)

where denotes the derivative taken with respect to . Note that
the main consequence of replacing by is that the leading
terms of every cumulant (in ) are now taking the order of

. Thus, substituting into (179) and taking
, we are left with

(180)
Substituting the generic series

(181)

into (180), we can generate a recursion for , as
given by (182), shown at the bottom of the page.
For , we obtain an equation involving

(183)

whose solution is

(184)

This precisely agrees with the leading term of (121), given in
(122).
For , we obtain an equation involving given by (185)

at the bottom of the page. As seen previously in the computa-
tion of the mean and variance corrections, we find that upon
substituting with (184), the coefficient of in the resulting
equation is zero. This greatly simplifies the equation, which can
be easily solved to give the solution

(186)

(182)

(185)
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This precisely agrees with the leading term of (140), given in
(142).
For , proceeding in a similar manner, it is possible to

obtain a general recursive solution for . This is given by
the following:

where represents the left-hand side of (182). With this result,
can be computed in closed form for any desired value of .

For example, the expressions for , , , and are given as
follows:

(187)

The expression for agrees precisely with the leading term of
(154), given in (155).
With the integration

(188)

we can compute the cumulants to leading order in . The re-
sulting mean, variance, and third cumulant are in agreement
with the leading terms of (134), (149), and (156), respectively,
while in addition we have the fourth, fifth, and sixth cumulants
(189), shown at the bottom of the page.
Using the aforementioned recursion results, the leading terms

for any number of cumulants beyond the sixth can also be easily
computed in closed form.

From these expressions, it is interesting to note that for ,
the leading- term of converges to a value independent of
as . In particular, in this case

(190)

This convergence behavior of the higher order cumulants is
a very interesting phenomenon which has not been shown
previously.

E. Correcting the Gaussian Approximation

With the availability of closed-form expressions for the
higher order cumulants, these can now be used to “correct”
the asymptotic Gaussian approximation, by virtue of the Edge-
worth expansion [89, eq. (43)]. For sufficiently large , with
second-order corrections (i.e., including corrections due to
and ), this corrected-Gaussian probability density function
(PDF) is given by

(191)

where for notational convenience we have defined

(192)

and where

(193)

denotes the standard Gaussian PDF. Here, and are
given by (135) and (150), respectively, corresponds to

in (157) just using truncated notation, and is
given by the -independent factor in (189). Moreover,
denotes the th Chebyshev–Hermite polynomial, taking the
form [89, eq. (13)]

(194)

(189)
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Fig. 7. Comparison of the Gaussian approximation and Edgeworth expansions for the PDF of the normalized mutual information for the single-user
MIMO scenario. Results are shown for . We see that the Edgeworth expansions are more accurate than the Gaussian for low SNR, while at
high SNR, all of the analytical approximations become inaccurate.

where denotes the floor function. The specific polynomials
, , and are given by

(195)

Here, we restrict our analysis to corrections based on and ,
though with the recurrence introduced in the previous section,
additional higher order cumulants could be computed which
would give further refinement. As we will see, however, quite
surprisingly, correcting for higher cumulants beyond these does
not appear to yield much benefit in most cases of interest. Also
note that the aforementioned expression is only valid for the
case where is sufficiently large (particularly with respect to
the SNR ), such that the correction terms in for each cumu-
lant can be ignored.
Fig. 7 illustrates the Edgeworth-based distribution (191),

together with the Gaussian approximation based on (193),
and simulated distribution5. For additional comparison, the
Edgeworth approximation (191) with only the correction
(i.e., setting the term to zero) is also plotted. Results are
shown for a small number of antennas, with . We see that
even for this small , when the SNR is sufficiently small, the

5Note here that the distributions plotted are with respect to the mutual infor-
mation per antenna, , obtained by applying a trivial change of vari-
ables to (191) and (193).

corrected-Gaussian PDF accurately characterizes the mutual
information distribution, and this approximation is much better
than the Gaussian with no corrections. Moreover, the additional
accuracy obtained by including the correction term in (193)
appears negligible in all cases. (We will show in the following,
however, that the fourth cumulant becomes important when
looking deep in the tails, which is not visible in Fig. 7.) As
the SNR increases, both the Gaussian and corrected-Gaussian
PDFs become accurate up to a point (i.e., as shown for the 5
dB curve); however, beyond that, both sets of curves deviate
markedly from the simulations. Moreover, in this regime, the
corrections based on the higher order cumulants (whether
or ) have negligible effect. This behavior is expected and
can be explained based on our analysis in Section IV-C, since
for SNRs which are sufficiently large with respect to , the
correction terms (in ) for each cumulant cannot be ignored
and invalidate the results derived based on large- arguments.
As previously described, adopting a double-scaling framework
from the outset is required in order to precisely characterize
this behavior.
To further investigate the high SNR behavior and the “break-

down” of the large- theory, Fig. 8 plots the comparison of the
Edgeworth expansion (with only) and the Gaussian approxi-
mation with simulations for various increasing values if . For
each , two sets of curves are presented for both the Edge-
worth and Gaussian approximations—one based on only the



CHEN AND MCKAY: COULUMB FLUID, PAINLEVÉ TRANSCENDENTS, AND THE INFORMATION THEORY OF MIMO SYSTEMS 4621

Fig. 8. Comparison of the Gaussian approximation and Edgeworth expansions for the PDF of the normalized mutual information for the single-user
MIMO scenario. Results are shown for . As highlighted on each figure, two sets of analytical curves are compared. The first set is based
on keeping only the leading order terms for the mean and variance of the mutual information, i.e., and . The second set is based on also
including the first-order corrections, i.e., and . We see that when the SNR is not too high, the inclusion of
the first-order finite- correction terms yields improved accuracy.

leading- terms of the mean and variance (as in Fig. 7), and the
other based on including the and corrections
to themean and variance, respectively, given by (136) and (151).
Here, the improved accuracy due to the additional correction
terms is clearly evident up to a point (i.e., up to );
however, it starts to fail markedly beyond that. This is perfectly
reasonable and expected, since when is sufficiently large rel-
ative to , the correction series for the mean and variance [e.g.,
(165) and (172)] is no longer valid.
This can be explained more specifically based on the condi-

tions given in (168) and (175). For the mean, noting that
in our example, in order for the first-order correction term to
dominate the leading term, the condition (168) implies that the
SNR should be greater than approximately 64 dB. This is con-
sistent with the results in the figure, since the mean is rela-
tively accurate in all cases shown, when the first-order correc-
tion term is included. The variance, on the other hand, gives

completely wrong results at high SNR, when the first-order cor-
rection is included. In this case, the condition (175) implies that
for SNRs exceeding 28 dB, the correction term will overwhelm
the leading term, which is precisely the case shown in Fig. 8
for . In this case, by investigation of the higher
order corrections given in (172), it can be seen that the series is
diverging violently. At this point, the large- methodology for
the variance has completely broken down.
In addition to the PDF of mutual information, it is also of

interest to examine the corresponding cumulative distribution
function (CDF), since this is the defining quantity for the outage
probability. By integrating (191), this CDF can be obtained as
(196), shown at the bottom of the page, with defined in (192),
and where

(197)

(196)
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Fig. 9. Comparison of the Gaussian approximation, Edgeworth expansions, and large deviations approximations (with the Coulomb fluid large deviations results
taken from [50]) for the outage probability for the single-user MIMO scenario. Results are shown for . We see that the closed-form Edgeworth
approximation with two corrections, i.e., based on and , is very accurate for all SNRs shown. As the SNR becomes very large, the distribution matches very
closely with the Gaussian (as well as the other analytical approximations) for small outage probabilities.

is the Gaussian CDF. This immediately gives an approximation
for the outage probability corresponding to a transmission rate
, i.e.

(198)

The outage probability is demonstrated in Fig. 9. The same ap-
proximations are compared as in Fig. 7; however, in this case,
we have included for extra comparison the results based on the
large deviations Coulomb fluid approach in [50]. In particular,

outage probability curves were obtained by numerically solving
a set of coupled equations, defined in [50, Sec. III-C]. From
the figure, we see that, at low SNR, the Gaussian approxima-
tion is very inaccurate, particularly in the tails which is one
of the most important regions of interest. In this region, how-
ever, the Edgeworth approximation based purely on the third
cumulant tightens considerably and tracks the simulation curve
very well, not deviating until approximately outage prob-
ability. This deviation is further corrected by the incorporation
of the fourth cumulant in the Edgeworth approximation. In-
terestingly, we also see that for most of the outage probabil-
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ities shown, this closed-form Edgeworth approximation curve
achieves a minor performance improvement with respect to the
more involved large deviations approximation. As the SNR in-
creases, the Edgeworth approximations and the large deviations
continue to accurately track the simulated distribution, while
the Gaussian approximation is also tightening in the low outage
probability region. However, the distortions observed around
the main bulk of the distribution (i.e., around the mean) be-
come very significant when the SNR is high6 (e.g., the 30 dB
scenario), in alignment with the PDF example seen previously.
The fact that the Gaussian approximation works well deep in
the tails for very large is in agreement with the observations
in [55] for the case (see also the discussion in [50]);
however, it appears that a thorough understanding of this phe-
nomenon cannot be simply captured within the framework of a
large- approximation. This is because, as we have shown, the
correction terms (in ) which are not captured by such asymp-
totic approaches start to play a greater role as grows large.
Once again, to obtain a full understanding of this phenomenon,
it appears that a precise analysis of the double-scaling limits as
both and grow large together is still required.

F. Comments on Large Deviations Behavior

In this section, we employ the general structure of the cumu-
lants to take a brief look at the question of “how far” one needs
to deviate from the mean mutual information before the indi-
vidual higher order cumulants come into play, and cause devia-
tions from the Gaussian distribution. Some results in this direc-
tion have also been presented in [50] based on a Coulomb fluid
large deviations approach, which we mention in the following.
To avoid any double-scaling issues arising in the analysis, we
will assume that is sufficiently large and is a fixed (not too
large) constant.
As a starting point, we note from our previous analysis that

, , and the th cumulants behave as

(199)

for some constants which depend on but not . In par-
ticular, a closed-form formula is given for in (157), and for
, , and by the -independent factors in (189). For large
, the “complete” Edgeworth series [89, eq. (43)] can then be
written as

(200)

6This significance is somewhat de-emphasized by the logarithmic scale.

where , shown in (201) at the bottom of the page, is the
quantity which determines any deviation from Gaussian. Here,
the second summation enumerates all sets

(202)

containing the nonnegative integer solutions of the Diophantine
equation

(203)

For each of these solutions, a corresponding constant is de-
fined as

(204)

In [89], explicit solutions are provided for through to
, as well as an algorithm for numerically computing these

solutions in general.
Since we are interested in distances relative to the mean, let

(205)

where and are real-valued constants. As such, (201) becomes

(206)

It is clear that for , as , im-
plying the well-known fact [50] that for deviations around
the mean, the asymptotic distribution appears more and more
Gaussian as grows large. From (206), we can also establish
how far one needs to look from the mean before the higher order
cumulants come into play. In particular, noting that for

(207)

the series (206) then becomes

(208)

Note that the th cumulant , reflected through the quan-
tity , affects all terms in the series for which .

(201)
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From the aforementioned expression, we can readily establish
that the th term in the series will contribute asymptotically (i.e.,
it will not disappear as ) provided that

(209)

for any valid . Since is maximized for , i.e., with
, we obtain

(210)

Since , while all other are zero, these terms in (208)
only involve and no higher cumulants. Once the condition
(210) is met, will contribute the power series

(211)

as . For , higher order cumulants beyond the
third also start to contribute. For example, it is clear that and
therefore will contribute asymptotically to the series (208),
provided that both and (209) are satisfied. Here, the
largest possible corresponds to , obtained with

. This gives

(212)

Note that this condition is valid for , andmoreover
in this range

(213)

with the left-hand equality approached as and the
right-hand equality satisfied for . This implies that as soon
as for some , starts to have an effect. If
is small, however, then this effect will be through the very high
order terms in the series which are expected to be very small
(assuming a convergent series). Specifically, for ,
the initial asymptotic contribution due to is captured by the
terms in (208) with and

, where is the minimum value of
such that (212) is satisfied. A similar argument applies for the
higher cumulants beyond the fourth; however, the analysis be-
comes increasingly more complicated due to the combinatorial
structure of the series (208). Also note that as increases, lower
order terms in the Chebyshev–Hermite polynomials (207) come
into play, and these should not be neglected.
In summary, as , we have shown explicitly that for

deviations less than from the mean, the distribution
behaves as a Gaussian

(214)

equivalently

(215)

while for deviations of or beyond it deviates from
Gaussian and behaves more accurately as

(216)

equivalently

(217)

Note that if we expand the exponential factor involving in
(217), the first two terms in this expansion agree precisely with
(191) for the case where is sufficiently large (i.e.,
such that in (191)). Compared with (191), the
expression (217) obviously gives a more refined estimate of the
distribution in the tails.
We also point out that the Gaussian deformation for devia-

tions of or more from the mean is in agreement with7

[50, eq. (71)], which captured this behavior based on a Coulomb
fluid approximation. In addition, we have

(218)

which is in perfect agreement with [50, eq. (70)]. Of course, in
line with the double-scaling discussion given previously, care
must be exercised when interpreting the large- scenario, since
for these results to bemeaningful (i.e., for the correction terms in
to be neglected), must be kept sufficiently large with respect

to .
Fig. 10 plots the PDF of the mutual information on a loga-

rithmic scale for different values of , comparing simulations
with the Gaussian approximation (215) and the large devia-
tions approximation (217). The latter curve is labeled “large
deviation (with ).” As expected, we see that the large de-
viations approximation is more accurate than the Gaussian in
all cases, and performs better as is increased. For additional
comparison, the large deviations result from [50] derived based
on the Coulomb fluid methodology is also plotted, along with
the two Edgeworth approximations based on (191): the first
accounting for only, the second accounting for both and
. For all antenna configurations considered, the Coulomb

fluid result and the Edgeworth expansion based on and
both perform very accurately, with the latter having the advan-
tage of admitting a simple closed-form expression, while the
former requires the numerical computation of a set of coupled
equations. On the contrary, the Edgeworth expansion based on

7Note that the result in [50, eq. (71)] expresses deviations in terms of the
normalized mutual information (i.e., the mutual information per antenna).
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Fig. 10. Comparison of the Gaussian approximation, Edgeworth expansions,
and two large deviations approximations (with the Coulomb fluid large devia-
tions result taken from [50]) for the PDF of the mutual information for
the single-user MIMO scenario. Results are shown for and

. Of particular note is that the curves corresponding to the closed-form
second-order Edgeworth correction (i.e., based on and ) match very well
with simulations in all cases, even deep in the tails.

corrections (but not ) fails when sufficiently deep within
the left-hand tail, which is due to the approximation taking
negative PDF values in this region.
It is important to note that the results in Fig. 10 are plotted

over a range of PDF values which are of most interest to con-

ventional communication systems (e.g., PDF values ).
For these values, however, it turns out that for all three values
plotted, the range of -values shown for each case is within

deviations from the corresponding mean. This implies
that the Gaussian optimality range indicated in (215) is relevant
for each case. The improved performance of the large devia-
tion and the Edgeworth curve (based on and ) over the
Gaussian is simply due to the finite- corrections brought about
by the higher order cumulants. Obviously, as is increased,
these corrections have less effect, and we see that the Gaussian
curves “contract” toward the simulations, as may be expected.
Moreover, in line with the results seen earlier in Fig. 9, the re-
sults here once again indicate that our closed-form Edgeworth
expansion based on only two high-order cumulants and
appears sufficient for very accurately approximating the mutual
information distribution both in the tails and in the bulk (see
Fig. 7), at least if the SNR is not too large.
To investigate what happens as grows, we compare the

same set of approximations with simulations in Fig. 11, in this
case for increasing values. Here, the top two curves show the
PDFs plotted on a log scale (to emphasize the tail behavior),
while the bottom two curves show the same PDFs plotted on a
linear scale (to emphasize the bulk). Here, we see the very in-
teresting phenomenon that all curves are very accurate in the
left tail, including the baseline Gaussian curve. This behavior is
very intriguing; however, we point out that it cannot be properly
explained based on techniques which rely only on the leading-
behavior for each cumulant, which includes all of the analyt-
ical results plotted in the figure. This is because, as we have
shown in (178), the correction terms in for each cumulant
grow with and these should not be ignored. Eventually, as we
have discussed previously, as becomes large enough, the en-
tire large- theory breaks down and one must adopt a different
approach by either taking large at the start (for fixed ) or
adopting a double-scaling approach. In light of this, the fact that
all curves become accurate in the left tail as grows, including
the Gaussian, appears to be somewhat of a coincidence. That
is, the exact distribution in the left tail for large (much larger
than ) appears to behave as a Gaussian, which is in line with
known results (see, e.g., the discussion in [50, Sec. I]. More-
over, as we have seen previously, the leading- terms for the
mean and variance continue to grow with (i.e., on the order
of ), while the leading- terms for all other cumulants con-
verge to a constant. Such higher cumulants will therefore have
negligible effect as grows very large, and this explains pre-
cisely why all of the analytical results in the figure agree with
the analytical Gaussian curve for large and consequently the
simulated curves in the left-hand tail.
For all regions other than the left tail, we see that the exact

distribution deviates strongly from Gaussian. For the bulk,
as expected, all analytical curves miss the correct behavior.
In the right-hand tail, however, something very interesting
happens—all analytical curves completely fail to track the
true distribution, as one may expect, with the exception of the
“large deviations (Coulomb)” curve from [50] which performs
reasonably well. The strong deviations in the former case
appear reasonable, since by capturing only the leading terms in
for each cumulant, the third cumulant returns a positive value
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Fig. 11. Comparison of the Gaussian approximation, Edgeworth expansions, and large deviations approximations (with the Coulomb fluid large deviations result
taken from [50]) for the PDF of the mutual information . Results are shown for . The vertical dashed lines in the top two subfigures
demonstrate the phase transition points identified in [50]. We see that all analytical curves, including the Gaussian approximation, match well with the simulations
in the left-hand tail as the SNR becomes high. On the right-hand tail, the approximations become inaccurate at high SNR, with the exception of the “large deviations
(Coulomb)” curves. This appears to be a consequence of the phase transition phenomenon identified in [50].

for large [see (178)], which in turn implies a distribution
with a positive skewness and therefore a longer right tail than
the left. This is precisely the case seen in Fig. 7 when is not
too big relative to . As grows large, however, with fixed,
we clearly see the opposite effect (i.e., the distribution has a
longer left tail than the right), and therefore, the correct third
cumulant must be negative. This negativity is not captured
within the large- framework.
Based on the preceding discussion, it is quite remarkable that

the Coulomb fluid-based approach in [50] manages to accu-
rately track the behavior in the right-hand tail, at least for the
SNR values shown. This appears to be tied to the very inter-
esting “phase transition” phenomenon identified in [50], which
occurs near the onset of this tail, due to the lower end support of
the constrained limiting eigenvalue distribution of the channel8

separating from the origin at this phase transition point and be-
yond. The specific points are indicated in the figure by the ver-
tical dashed lines. A similar phenomenon was also observed
in [79] when characterizing the distribution of certain conduc-
tance and shot-noise quantities, and the phase transition points

8Referring to our figures, for any given value, say , this is the
limiting empirical distribution of the channel eigenvalues , subject to
the constraint .

identified therein were shown to correspond to or to “induce”
weak singularities in the corresponding physical distributions.
In our context, this appears to be occurring with the mutual in-
formation distribution in the right-hand tail, and our Edgeworth
expansion is failing to capture the correct distribution on the
right-hand side of this singularity point. Nonetheless, as cor-
rectly pointed out in relation to [50, Fig. 8], it is important to
keep in mind that even if the phase transition (and potential cor-
responding singularity) is identified, the results from [50] still
become inaccurate in the lower right tail when the SNR grows
large enough, since the Coulomb fluid approach used therein
breaks down when is large relative to . To give a rigorous
analysis of the distribution for large- , and to help characterize
at what point the large- expansion techniques fall down, one
should adopt a large- analysis from the outset, and then take
large in the result. A natural approach for rigorously performing
this scaling would be to adopt the Painlevé V representation
(71) for the mutual information moment generating function. It
could also be anticipated that there is a direct link between the
weak singularities observed at the phase transition points and
the poles of the Painlevé V function9, though it is not clear at

9We thank one of the anonymous reviewers for raising this interesting point.
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this stage how to rigorously establish this connection. This is an
important topic for future work.

V. CONCLUDING REMARKS

In this paper, we have introduced new methods for charac-
terizing the mutual information distribution of MIMO chan-
nels, as well as the Gallager random coding upper bound on the
error probability. Considering both single-user and multiuser
channels, we showed that the mathematical problem underpin-
ning these information-theoretic quantities is the computation
of certain Hankel determinants generated by deformed versions
of classical weight functions—a deformed Laguerre weight for
single-user MIMO systems, a deformed Jacobi weight for mul-
tiuser MIMO systems. In each case, by employing results based
on the so-called ladder operator approach, we established exact
characterizations of the Hankel determinants in terms of clas-
sical Painlevé differential equations. Each of these results yields
exact and fundamental characterizations for themutual informa-
tion distribution and the error probability which have not been
established previously.
After developing our exact formulation, we then introduced

the linear statistics Coulomb fluid approach from statistical
physics as a means of very quickly computing the asymptotic
properties of the mutual information distribution and the error
probability for sufficiently large numbers of antennas. These
results, which are relatively unfamiliar in the wireless commu-
nications and information theory literature, directly produced
closed-form expressions which, for the case of the mutual
information distribution, resulted in asymptotic Gaussian
approximations for both single-user and multiuser MIMO
channels.
To properly demonstrate the utility of our results, we focused

on the simplest case of single-user MIMO systems (i.e.,
systems with equal numbers of transmit and receive antennas),
and employed our asymptotic characterization in conjunction
with the exact Painlevé representation to provide a rigorous
and intuitive study of the mutual information distribution. One
of our main objectives of this analysis was to concretely reveal
the interplay between the effects of the number of antennas and
the SNR, and also to obtain simple but accurate approximations
for the distribution. Starting with a large- framework, as
a main contribution we developed, for the first time, exact
recursive relations for systematically computing in closed form
the finite- corrections to the asymptotic mean and variance
formulas. We also derived recursive relations for systematically
computing in closed-form the leading- terms for any desired
number of higher order cumulants. These recursive relations
are fundamental as they provide a rigorous and systematic
approach for “bridging the gap” between the many asymptotic
MIMO mutual information results in the literature (usually
restricted to Gaussian approximations), and the nonasymptotic
results (which are typically quite complicated and yield limited
insight). Our results also revealed a deeper understanding into
the underlying “structure” of the mutual information distri-
bution, which has not been demonstrated previously. Among
other things, they allowed us to explicitly capture the strong
deviation of the distribution from Gaussian in the tails, or when

the SNR became sufficiently large relative to the number of
antennas. We also employed our leading- expressions for
the higher order cumulants to “correct” the Gaussian approxi-
mation, proposing new closed-form approximations using the
Edgeworth expansion method. Quite remarkably, in contrast to
the Gaussian approximation, these Edgeworth-based approxi-
mations were shown to be very accurate even for small numbers
of antennas, over the entire range of PDF and CDF values of
practical interest (i.e., not only in the bulk of the distribution,
but also in the tail regions of interest), provided that the SNR is
not too high.
As pointed out throughout this paper, in order to precisely

quantify the joint effects of the number of antennas and
the SNR on the mutual information distribution, a rigorous
double-scaling analysis is required. While we have partially
characterized this behavior, i.e., for the case where the number
of antennas are kept sufficiently large relative to the SNR, a
more general treatment is still required to handle the opposite
scenario. Among other things, an interesting question which
arises is whether one can rigorously establish the very inter-
esting phase-transition phenomenon identified recently in [50]
based on intuitive arguments centered around the Coulomb fluid
large deviations approach. It appears that the exact Painlevé
characterization presented in this paper may provide the nec-
essary tool for studying this interesting problem; however, at
present it remains open.

APPENDIX
PROOF OF THEOREM 1

1) Compatibility Conditions, Recurrence Coefficients and
Discrete Equations: We start by noting that since

for the problem at hand is a rational function, the divided
difference

will also be a rational function of and . Consequently, the
functions and are rational in ; therefore, by
equating the residues of and , and will
give insight into various and dependent auxiliary quantities,
as we shall see in later computations. The resulting nonlinear
difference equations appear quite complicated; however, as
long as we focus our attention on expressing the recurrence
coefficients and in terms of the auxiliary quantities, these
expressions would in turn lead us to the desired Painlevé V
satisfied by

For the purpose of applying the ladder operator method, we note
that
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and therefore

Substituting this into (66) and (67) and applying integration by
parts, we get

(219)

(220)

where we have introduced the auxiliary quantities

(221)

(222)

Now, from (219)–(222), we can now derive some useful rela-
tionships based on the supplementary conditions, and .
In particular, the left-hand side of becomes (223) at the
bottom of the page.
Moreover, from , we establish the following difference

equations relating to and :

(224)

(225)

and from , we establish the following set of difference equa-
tions relating to and :

(226)

(227)

(228)

(229)

Remark 10: Observe that (227) and (228) are equivalent.
We shall see later that (227), when combined with certain rela-
tions, performs the sum

automatically in closed form. This sum will provide an impor-
tant link between the logarithmic derivative of the Hankel deter-
minant with respect to , , and , which is an essential step
in the derivation.
While the difference relations (224)–(226) and (229) look

rather complicated, these can be manipulated to give us insight
into the recurrence coefficients and . To this end, summing
(224) and (225) gives us a simple expression for the recurrence
coefficient in terms of

(230)

From (226) and (229), we have

or equivalently

(231)

Now substituting (229) and (231) into either (227) or (228) to
eliminate and leaves us the following very simple
form for , which will play a crucial role later

(232)

In view of (230), we have

(233)

Comparing (232) with (233) gives

Note that also depends on , although this is not always
displayed.

(223)
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We are now in a position to find an expression for in terms
of and . This is found by eliminating from (231) and
(229) resulting in

We summarize the above in the following lemma:

Lemma 4: The recurrence coefficients and are ex-
pressed in terms of the auxiliary quantities and as

(234)

and

(235)

respectively. Furthermore

(236)

(237)

2) Evolution and Painlevé V: Continuous -Form: In
this next stage of the proof, we keep fixed and vary . The
differential relations generated here when combined with the
difference relations obtained previously will give us the desired
Painlevé equation.
A straightforward computation shows that

(238)

But from (63), it follows that

(239)

(240)

where the last equality follows from (229).
Differentiating

with respect to produces

finally resulting in

(241)

For the continuous -form of this Painlevé V, note that

(242)

(243)

where the last two equations follow from (236) and (237) of
Lemma 4.
From (241)–(243), we obtain expressions for and in

terms of and

(244)

(245)

where denotes .
All we need to do now is to eliminate to obtain a func-

tional equation satisfied by , , and

For this purpose, we examine two quadratic equations satisfied
by , one of which is simply a rearrangement of (235) and
reads

(246)

The other follows from a derivative of (244) with respect to
and (240)

(247)

Solving for and from the linear system (246) and
(247), we find

which we rewrite as follows:

The product of these two equations gives us the desired contin-
uous -form (69).
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APPENDIX
SOME RELEVANT INTEGRAL IDENTITIES

For the Coulomb fluid derivations, we will require numerous
integrals; these are summarized in (248)–(258) at the bottom
of the page. Note that for all definite integrals involving the
variable , these are valid for , while in all of these
cases we assume .
Before proving these results, we state for reference the fol-

lowing identities:

(259)

(260)

(261)

(262)

(263)

(264)

(265)

(266)

We start with some brief remarks concerning these identities,
before focusing on the proofs of the main results (248)–(258).

(248)

(249)

(250)

(251)

(252)

(253)

(254)

(255)

(256)

(257)

(258)
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The integral (259) is [90, eq. 2.266], (260) is a minor variation of
[90, eq. 2.261], and (261) follows from [90, eq. 2.269.2]. Note
also that the right-hand side of (262) is

which obviously equals the left-hand side. To give an indica-
tion how (263)–(266) may be proved, first consider the analytic
function

defined in the complex plane slit along . The branch of
is chosen in such a way that

Let be defined for and extended to , a
meromorphic function. Let be a “dog bone” contour traversed
clockwise above and below the segment , where the point
of is contained in the interior of . Keeping in mind that

where is defined to be the analytic continuation of
to above and below the segment , we have that

and the right-hand side of the aforementioned equation can be
evaluated using residue calculus. The (263) follows immedi-
ately by computing the residue at , while in computing (264)
and (265) we should keep in mind the contributions from the
residues at . To compute the principal value integral (266),
we first define

The principal value integral is then evaluated as

An easy computation gives (266).
We now come to the main integrals, (248)–(258). Start by

considering (248)–(252). Of these, we will explicitly derive
(249); the other integrals are evaluated in a similar way with

the help of the properties (259)–(261). Using (262) along with
(263), we obtain

where is given in (267) at the bottom of the page. Note that
in (267), we have made the substitution and have
replaced by , so that we may invoke (259).
The integration is now completed as

Note that this gives the correct large behavior. Some trivial
algebra yields (249).
Now consider (253)–(256). We will explicitly derive (256);

the integral (255) is then obtained by the analytical continua-
tion of (256) to , whereas the integrals (253) and (254)
are obtained by taking and in (256), respectively.
With the Schwinger parameterization (262) and the partial frac-
tion decomposition

the integral becomes

The last equation was obtained by invoking (263) and taking the
analytic continuation of to , together with the implicit
assumption that in (263). From a further change of

(267)
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(268)

variable , we have (268), shown at the top of the
page. Simple algebra yields (256).
Finally, consider the principal value integrals (257) and (258).

These results are obtained by taking the square root to the de-
nominator of the integrand, followed by performing a partial
fraction decomposition and invoking (265) and (266).

APPENDIX
BRIEF HISTORICAL ACCOUNT: TRACING THE ORIGINS

OF THE LINEAR STATISTICS FORMULAS

The strong Szegö limit theorem appeared in one of Szegö’s
earliest publications [91]. For wider accessibility, this paper
was translated from Hungarian into English—see Szegö col-
lected works [46]. The paper deals with the large asymptotics
of Hankel determinants, for compactly supported weights. The
main result essentially gives the first term (analogous to the
“mean” in our paper) in a large- expansion. In 1919, Szegö
also obtained a similar result for the asymptotics of Toeplitz de-
terminants. Much later, in 1955, Szegö, prompted by a question
of Onsager arising from the 2-D Ising model, determined the
next term in the asymptotic expansion which is independent,
a quantity analogous to the “variance” in our paper. What was
crucial in Szegö’s arguments was that the symbol (supported on
the circle) which generates the Toeplitz matrix, or the weights
(supported over a finite interval) which generate the Hankel
matrix, must be in some sense smooth and satisfy the so-called
Szegö condition (an integrability condition) for the theorem to
hold. The ground breaking works of Basor [92] and Widom
[93] in the 1970’s were concerned with symbols that have sin-
gularities on the unit circle, thus violating the Szegö condition
and constituting a major breakthrough in the theory of Toeplitz
determinants. In the context of the Hankel determinants with
weight supported over an infinite interval, with smooth or
nice perturbation factors, the first author and his collaborators
established the analog of the Szegö limit theorems [45] in the

investigation of universal conductance fluctuations. This result
was applied to obtain strong asymptotics of the associated or-
thogonal polynomials [42] which, in turn, produced the general
linear statistics framework which we adopt in Section III. We
also note that the Coulomb fluid-based framework in [42] was
subsequently adapted in [47] to obtain the Bessel kernel analog
of the Szegö limit theorem, and a rigorous proof of this result
was provided in [48].
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